Wavefunctions of symmetrical nanoparticles are considered making use of induced representation method. It is shown that when, at the same total symmetry, the order of local symmetry group decreases, additional quantum numbers are required for complete labelling of electron states. 
Introduction
Nanoparticles possess a variety of unusual symmetries and new geometrical structures were proposed for their description [1] . In the case of quantum chemistry of molecules the description by the whole point group is usually sufficient [2] [3] [4] for molecular orbital (MO) method. The symmetry of many of nanostructures, as well as the symmetry of molecules is described by point groups, but there is a large variety of structures described by the same symmetry group [5] . The atoms in a symmetrical nanoparticle belong to different orbits. Note that orbit is the set of points, transforming into each other under the action of group elements [6] . For example, icosahedral gold nanoparticles Au 32 , Au 42 and Au 72 [7, 8] consist of several different orbits of gold atoms. Direct analysis shows that in some cases repeating IRs (irreducible representations) in symmetry adapted linear combinations (SALCs) constructed from the atomic wavefunctions of one orbit appear more than ones [9] . The problem of labelling of repeating terms in atomic spectroscopy was solved by Racah by the proper choice the chain of groups in reduction from SU(2 + 1) to O(3) [10] . In a similar, but opposite in direction manner, the induced representation method makes it possible to chose intermediate subgroups in the induction, thereby obtaining additional classification of electron states [9, 11] . The main aim of the present paper is to find physical additional quantum numbers for repeating IRs in SALCs of symmetrical nanoparticles. To accomplish this aim, the induced representation method is used.
The induced representation method is applicable to electronic orbitals and vibrations in molecules [12, 13] and solids [14] [15] [16] . A new proof of Mackey [17] theorem on symmetrized squares of induced representations [18] opened the way of its application to two-electron states in molecules [19] and solids [20] [21] [22] [23] . The electronic states in large molecules and nanoparticles may be additionally classified by considering subgroups in addition to the whole group. Klein considered two intersection subgroups [11] and proposed a semiregular induction scheme. Newman [24] considered a symmetry properties of direct sum system, whose symmetry group L is larger then the subgroup H of total group G. Altman used symmetry operations of isodynamic group I , which transforms a group of atoms with respect to the rest of the molecule and is not a subgroup of G [25] . Intermediate symmetry and induced representations were alsp found to be useful in crystal field theory [26] .
In present work the induced representation method with intermediate group is applied to construction of SALCs in symmetrical nanostructures and groups I , O and T are taken as examples. The cases of repeated IRs are investigated and SALCs for 24-fold coordination in O symmetry with account for additional quantum numbers are constructed. The physical significance of this additional quantum numbers is considered. The intermediate symmetry approach is extended to singlet and triplet two-electron states making use of Mackey theorem on symmetrized squares of induced representations [17, 18] .
Induced representations and electronic states
The atoms in symmetrical nanoparticle are located at points with local symmetry H, which coincides with the full group G, or with any of its subgroups, including the subgroup consisting of an identity element only. The whole symmetry group is decomposed into left cosets with respect to H:
where the module sign stands for the number of elements in a group. The left coset representatives in (1) move atom L 1 to all equivalent positions L , which form the orbit of atom A. Symmetrical nanoparticle may consist of several orbits, characterizing by different local symmetry groups. The number of atoms, forming the orbit of the atom A 1 is given by following relation:
Let D be an dimensional IR of subgroup H with a basis φ µ (µ = 1 ). The basis functions of other atoms are obtained by the action of coset representatives in (1) on the basis set of the first atom and are written as:
). According to the theorem on induced representation [25] a set of functions φ µ is invariant in the group G and forms the basis of induced representation, given by the formula:
where: δ(
∈ H
Hence it follows that the standard technique of MO (or SALC) construction [2] [3] [4] is equivalent to the induced representation method. Induced representation (3) is not irreducible on G, and is decomposed into the sum of IRs Γ of G:
For the decomposition of induced representation (3) one can apply Frobenius reciprocity theorem, which holds that the frequency κ↑ equals to the frequency κ of D κ in the decomposition of Γ when the group G is reduced to its subgroup H, i.e.:
Hence it follows that in order to define whether or not IR Γ of the whole group appears in MO generated by IR D κ of the local group it is sufficient to check orthogonality of IRs D κ and Γ on the local subgroup without construction of the whole representation [12, 13] . IRs of molecular vibrations are obtained by the action of all group operations on the vector representation taken at one atom of each orbit [27, 28] . Since this procedure is equivalent to the induction, one can use Frobenius reciprocity theorem to obtain IRs of molecular vibrations without construction of the whole representations [12] .
The example of application of this theorem for SALCs construction is illustrated in H N A IRs
in the second line of Table 2 .
The result for − orbitals in 12-fold coordination is the same as in [29] . In the case of 30-fold and 60-fold coordination some IRs appear more then once. In the case of atom located in nonsymmetric point the induced representation is the regular representation and the number of appearance of each IR equals to its dimension. In O symmetry, repeating IRs for − orbitals appear in the case of 24-fold coordination, i.e. when atoms are on the symmetry planes beyond the symmetry axis [9] . Hence it follows that in the case of high total symmetry and low local symmetry additional quantum numbers are required for classification of basis functions of repeating IRs.
Additional quantum numbers for nanoparticles
In the present paper we use the method of intermediate subgroup in the induction to label and to construct basis functions of repeating IRs. This method is based on the transitivity of induction theorem, which means that the two ways of induction from H directly into G and through an intermediate subgroup F , result in equivalent representations:
The induced representation in the left hand side of (6) is decomposed on the IRs Γ of the whole group:
Making use of the path in the right hand side of (6) we can decompose the result of the first stage of induction into IRs B λ of F :
When inducing each one of IRs B λ into G we obtain :
According to the transitivity of induction the frequencies in (7), (8) and (9) are connected by the relation:
If frequencies λ and λ in (8) and (9) Table 2 shows symmetry of SALCs obtained from atomic − orbitals in I symmetry for different local groups. There are no repeating IRs for local groups C 5 and C 3 . For local group C 2 IR H appear twice and for local group C (fullerene structure) all IRs except A , T 1 and T 2 appear more then once. We consider the latter case as an example of the approach developed in the revious section. Firstly we consider C 5 as intermediate subgroup. Making use of formula (5) and characters reproduced in Table 1 , it is easy to obtain the result of induction of totally symmetric IR from from C to C 5 :
Example: 60-fold coordination in I h symmetry
The induction of IRs from C 5 to I are obtained in a similar way:
We see from the above results that repeating IRs do not appear in both steps of the induction. 
. When considering another induction scheme via C 3 subgroup one obtains repeating IRs. Thus the latter scheme of induction does not provide unambiguous set of additional quantum numbers. The connection of additional quantum numbers with the structure of electron orbitals is envisaged in next sections.
Example: planes of symmetry in O h and T d groups
In the case of O group repeating IRs for σ − orbitals appear if atoms are beyond the symmetry axis [9] , i.e. for 24-fold coordination (on symmetry planes) and for 48-fold coordinations (atoms in nonsymmetric points). We consider the case of 24-fold coordination. There are two types of symmetry planes in O group -diagonal symmetry planes and coordinate symmetry planes (see Figure 1) . If the atoms are on diagonal symmetry planes, one obtains following set of IRs: 
No repeating IRs appear in both steps of induction. In this way we obtain unambiguous classification of repeaing IRs in SALCs with respect to IRs of group C 3 : 
Thus in the case of atoms on diagonal planes and if the group C 4 is physically underlined, the classification according to IRs of group C 4 is as follows:
and T 2 (E). If 24 atoms are on coordinate planes (see Figure 1 c.) , the local subgroup C is not equivalent C in the previous case and induction to O results differing set of IRs: 
Thus the additional quantum numbers for repeating IRs are as follows
Finally we consider application of additional quantum numbers technique to the tetrahedral nanoparticle A 20 [7, 30] . Figure 2 shows its theoretical structure, which consists of three orbits: two orbits with local group C 3 and one orbit with local group C . Despite of distorted tetrahedral shape of the nanoparticle, all its orbits are perfectly tetrahedral. Chemical bonding in gold nanoparticles is due to 5 − and 6 − orbitals [7, 31] . Let us consider as an example interaction of an atom in the vertex of tetrahedron with nearest atoms. Atomic − orbitals and 2 -orbitals belong to IR A 1 and other − orbitals belong to IR E of local group C 3 . Induction of these IRs to T doesn't result in repeating IRs:
Thus in this case labelling of SALCs by the whole group IRs is sufficient. In the case of 12-atoms orbit with local group C − atomic orbitals belong to IR A 1 . The induction to T results repeating IR T 2 :
Hence it follows that for atoms on the planes of symmetry additional quantum numbers are required to distinguish MO. To find additional quantum numbers for repeating IR T 2 we induce firstly from C to C 3 : 
Example: construction of MO with additional quantum numbers
To elucidate the physical meaning of the theoretical results we construct SALCs for the orbit consisting of atoms lying on coordinate planes of the cube (see in Figure 1 We use Frobenius reciprocity theorem, which was generalized for basis functions of IRs [13, 19] as follows. Let φ µ (µ = 1 ) be a basis of dimensional IR D of subgroup H. This basis is induced into the whole group G (see formulas (1) and (3) and then is decomposed on the basis sets belonging to IRs Γ of the whole group (formula (4) . Note that in the original formulation of this theorem it was assumed that frequencies of appearance of each IR in (4) don't exceed unity. In the present work we show how to use the technique [13, 19] in the case of repeating IRs. The column of projection coefficients of the orbitals of the first atom on the rows of IR Γ are obtained by standard projection technique, summing over subgroup H. The projection coefficients for other atomic centres are obtained by a transformation of this column coefficients using matrices of the irreducible representations for the left cosets representatives. In the case of atoms on the planes of symmetry in O group, repeating IRs appear, and we use intermediate subgroup C 4 for additional labels. The first stage of induction from C to C 4 is quite straightforward and we easily obtain following linear combinations:
3 (E) = 1 (31) In this formulas symbols α3 are related to -orbitals of atoms of the upper face of the cube (see Figure 1 c.).The basis sets of atoms at other faces of the cube are arranged so that the action of left coset representatives on basis set of the upper face results basis functions of other faces with the same Greek subscripts. Table 3 ). The projection coefficients of the basis functions of other local subgroups are obtained by transforming these columns by the matrices of left coset representatives, provided the mapping of the basis functions of other local subgroups is done by the same left coset representatives. We choose 120 and 240 rotations around the axis (111), their products on inversion and pure inversion as left coset representatives. The results are shown in Table 3 . Note that the SALCs with additional quantum number A 1 are similar to σ − orbitals constructed from − and − orbitals and SALC with additional quantum number E are similar to π− orbitals constructed from − and − orbitals in the case of six-fold coordination [4] . The difference is that the basis functions in the present case have complex internal structure.
Two-electron wavefunctions
Mackey theorem on symmetrized squares [17, 18] makes it possible to reduce two-electron MO basis according to double coset decompostion of the whole point group with respect to local group [19] . We consider this technique taking as an example 24-fold coordination on coordinate planes in O symmetry. There are two ways of construction of molecular two-electron singlet (triplet) wave function. One can consider symmetrized and antisymmetrized Kronecker squares of direct sum of delocalized MO Γ in the right hand side of (7), using standard group theoretical methods. Another way is to decompose the Kronecker square of the left hand side of (7) into symmetrized and antisymmetrized parts making use of Mackey theorem on symmetrized squares [19] . Total sets of IRs for triplet and singlet states are obviously the same in these two methods, but for repeating IRs of two-electron states the latter technique result physical additional quantum numbers.
The double coset decomposition of a group G with respect to its subgroup H is writen as:
For every δ in (32) we consider the intersection subgroup M δ = H ∩ δ H −1 δ , and its representation, given by the formula: 
δ H, we consider symmetric P + δ and antisymmetric P − δ extensions of P δ into extended intersection subgroupM δ = M δ + δ M δ , whose charachters on the left coset δ M δ are given by two following formulae:
The symmetrized and antisymmetrized parts of the Kronecker square of induced representation are written by two following formulae respectively (the Mackey theorem on symmetrized Kronecker squares [17, 18] ):
The first items on the right-hand sides of (36) and (37) correspond to the double coset defined by the identity element, α corresponds to self-inverse double cosets and β to non-self-inverse double cosets for which H β H = H −1 β H. Symmetrized square (36) defines the spatial part of singlet two-electron state and antisymmetrized square defines the spatial part of a triplet state.
Going over to -orbitals on coordinate planes in O symmetry we consider as an example the case of self-inverse double coset, defined by coordinate mirror plane. The group M δ is a group consisting of elements E and σ and the groupM δ is a group C 2 . Basis function of P + δ belongs to IR A 1 of C 2 of and is written as:
Basis function of P − δ belongs IR B 1 of C 2 and written as:
Superscripts and denote that they are spatial parts of singlet and triplet two-center functions. 
Discussion
It is seen from ) and ( ) orbitals. We obtained that SALC in symmetrical nanoparticles are characterized by three quantum numbers, i.e. labels of IRs of the three relevant symmetry groups. The index of IR of total group G is the principal quantum number. In small complexes with central atom, where main interactions are assumed to be between central atom and ligands, the index of IR of total group is related with energy [2] [3] [4] . The index of local group IR indicates the type of orbitals, i.e. π or σ . In the case of complex, consisting of a central atom and one orbit, σ − orbitals are directed to a central atom and π− orbitals directed normal to that directions. In symmetrical nanoparticle the distance between orbit of atoms and central atom may be large and the main interactions may be between nearest neighbors. In this case additional quantum numbers on the intermediate group are more significant. Suppose that in the case under consideration six atoms A are located at centres of faces of the cube and consider E orbitals. It is clear that E (A 1 ) orbital will interact with − orbitals of atom A, but E (B 1 ) will not interact with − orbitals of atom A. If there are − orbitals on atom A , T 1 (A 1 ) orbital interacts with -orbitals of atoms A and T 1 (E) interact with ( ) orbitals. Since ( )− orbitals are directed to nearest neighbors but -orbitals normal to this direction, the interaction of T 1 (E) orbitals with atom A is stronger then that of T 1 (A 1 ) orbitals. Going over to T 2 orbitals we see that T 2 (E) orbitals interact with ( ) orbitals, but T 2 (B 1 ) orbitals have no partners for interaction on atom A. In the case of -orbitals on atom A T 2 (B 1 ) orbitals will interact with 2 − 2 orbitals and T 2 (E) orbitals interact with ( ) orbitals. Thus we have shown that in the case of symmetrical nanoparticles classification according to IRs of intermediate symmetry group in some cases may be more appropriate than the classification according to IRs of the whole group.
The construction of vibrational wave functions by induced representation method is similar to that for SALC [12] , and the same internal symmetries and additional quantum numbers may be used for analysis of vibrations of nanoparticles. The technique developed in present paper may be used also for wavefunctions of plasmons in molecules [32] .
Conclusion
It was shown that in symmetrical nanoparticles additional quantum numbers are required to label repeating IRs in SALCs constructed from atomic orbitals. The use of intermediate group in the induction makes it possible to obtain additional quantum numbers, i.e. the labels of IRs of intermediate group. In the case of nanoparticles additionals quantum numbers are more related to interaction energy then the labels of IRs of the whole group. The same technique may be applied for classification of wavefunctions of molecular vibrations and of plasmons in molecules. The application of Mackey theorem on symmetrized squares of induced representations for construction of many electron states in magnetic nanoparticles is proposed.
